Abstract. Let Γ = Cay(G, S) be a Cayley digraph on a group G and let A = Aut(Γ).
Introduction
Every digraph and group in this paper is finite. A digraph Γ consists of a set of vertices V(Γ) and a set of arcs A(Γ), each arc being an ordered pair of distinct vertices. (Our digraphs do not have loops.) We say that Γ is a graph if, for every arc (u, v) of Γ, (v, u) is also an arc. Otherwise, Γ is a proper digraph.
The automorphisms of Γ are the permutations of V(Γ) that preserve A(Γ). They form a group under composition, denoted Aut(Γ).
Let G be a group and let S be a subset of G that does not contain the identity. The Cayley digraph on G with connection set S is Γ = Cay(G, S), the digraph with vertex-set G and where (u, v) ∈ A(Γ) whenever vu −1 ∈ S. The index of G in Aut(Γ) is called the Cayley index of Γ.
It is well-known that a digraph is a Cayley digraph on G if and only if its automorphism group contains the right regular representation of G. A digraph may have more than one regular subgroup in its automorphism group and hence more than one representation as a Cayley digraph. This is an interesting situation that has been studied in [3, 9, 12, 13, 15] , for example.
Let p be a prime. Joseph [7] proved that if Γ has order p 2 and Aut(Γ) has two regular subgroups, one of which is cyclic and the other not, then Γ has Cayley index at least p p−1 . The second author generalised this in [11] , showing that if p 3, Γ has order p n and Aut(Γ) has two regular subgroups, one of which is cyclic and the other not, then Γ has Cayley index at least p p(n−1)−1 . A simpler proof of this was later published in [1] . Kovács and Servatius [8] proved the analogous result when p = 2.
The theme of the results above is that if Aut(Γ) has two regular subgroups, one of which is cyclic and the other not, then Γ must have "large" Cayley index. (In fact, close examination of the proofs of the results above reveals that Aut(Γ) having two distinct regular subgroups, one of which is cyclic, might suffice. We will not dwell on this point.)
The goal of this paper is to show that cyclic p-groups are exceptional with respect to this property, at least among abelian p-groups. More precisely, we prove the following. Theorem 1.1. Let p be an odd prime and let G be an abelian p-group. If G has order at least p 3 and is not cyclic, then there exists a proper Cayley digraph on G with Cayley index p and whose automorphism group contains a nonabelian regular subgroup.
It would be interesting to generalise Theorem 1.1 to nonabelian p-groups and to 2-groups. More generally, we expect that "most" groups admit a Cayley digraph of "small" Cayley index such that the automorphism group of the digraph contains another (or even a nonisomorphic) regular subgroup. At the moment, we do not know how to approach this problem in general, or even what a sensible definition of "small" might be. (Lemma 3.2 shows that the smallest index of a proper subgroup of either of the regular subgroups is a lower bound -and hence that the Cayley index of p in Theorem 1.1 is best possible.) As an example, we prove the following. Proposition 1.2. Let G be a group generated by an involution x and an element y of order 3, and such that Z 6 G Z 3 Z 2 . If G has a subgroup H of index 2, then there is a Cayley digraph Γ with Cayley index 2 such that Aut(Γ) contains a regular subgroup distinct from G and isomorphic to H × Z 2 .
This paper is laid out as follows. Section 2 includes structural results on cartesian products of digraphs that will be required in the proofs of our main results, while in Section 3 we collect results about automorphism groups of digraphs. Section 4 consists of the proof of Theorem 1.1. Finally, in Section 5 we prove Proposition 1.2 and consider the case of symmetric groups.
Cartesian products
The main result of this section is a version of a result about cartesian products of graphs due to Imrich [6, Theorem 1] that is adapted to the case of proper digraphs. Imrich's proof can be generalised directly to all digraphs, but his proof involves a detailed case-by-case analysis for small graphs, which can be avoided by restricting attention to proper digraphs.
The complement of a digraph Γ, denoted Γ, is the digraph with vertex-set V(Γ), with (u, v) ∈ A(Γ) if and only if (u, v) ∈ A(Γ), for every two distinct vertices u and v of Γ. It is easy to see that a digraph and its complement have the same automorphism group.
Given digraphs Γ and ∆, the cartesian product Γ ∆ is the digraph with vertex-set V(Γ) × V(∆) and with ((u, v), (u , v )) being an arc if and only if either u = u and (v, v ) ∈ A(∆), or v = v and (u, u ) ∈ A(Γ). For each u ∈ V(Γ), we obtain a copy ∆ u of ∆ in Γ ∆,
, we obtain a copy Γ v of Γ in Γ ∆ (defined analogously). A digraph Γ is prime with respect to the cartesian product if the existence of an isomorphism from Γ to Γ 1 Γ 2 implies that either Γ 1 or Γ 2 has order 1, so that Γ is isomorphic to either Γ 1 or Γ 2 .
It is well known that, with respect to the cartesian product, graphs can be factorised uniquely as a product of prime factors. Digraphs also have this property. In fact, the following stronger result holds.
there exist a permutation π of {1, . . . , k} and isomorphisms α i from Γ i to Γ π(i) such that α is the product of the α i s (1 i k).
Theorem 2.1 is a corollary of [14, Theorem 10] , as noted in the "Applications" section of [14] . We now present the version of Imrich's result that applies to proper digraphs. Theorem 2.2. If Γ is a proper digraph, then at least one of Γ or Γ is prime with respect to cartesian product.
Proof. Towards a contradiction, assume that Γ = A B and that ϕ is an isomorphism from Γ to C D, where A, B, C, and D all have at least 2 vertices. A key observation is the fact that if x and y are distinct vertices in the same copy of X in a cartesian product X Y , then every vertex contained in at least one arc with each of x and y must also lie in that copy of X.
Since Γ is a proper digraph, without loss of generality so is A, and A has an arc (a, a ) such that (a , a) is not an arc of A. Let b be a vertex of B.
Pick b to be a vertex of B distinct from b. We claim that ϕ((a, b)), ϕ((a , b)), ϕ((a, b )), ϕ((a , b )) all lie in some copy of either C or D. The digraph below is the subdigraph of Γ under consideration.
Since every arc in C D lies in either a copy of C or D, we may assume that the arc from ϕ((a, b)) to ϕ((a , b )) lies in some copy Remark 2.3. Imrich's Theorem [6, Theorem 1] states that, for every graph Γ, either Γ or Γ is prime with respect to the cartesian product, with the following exceptions :
, and K 3 K 3 , where K n denotes the complete graph on n vertices and K − 4 denotes K 4 with an edge deleted. These would therefore be the complete list of exceptions to Theorem 2.2 if we removed the word 'proper' from the hypothesis.
Remark 2.4. While most of our results apply only to finite digraphs, Theorem 2.2 also applies to infinite ones (as does Imrich's Theorem). The proof is the same. Proof. By Theorem 2.2, one of Γ 1 and Γ 1 is prime with respect to the cartesian product, say Γ 1 without loss of generality. Clearly, we have Aut(Γ 1 ) × Aut(Γ 2 ) Aut(Γ 1 Γ 2 ). Since i 1 > i 2 , Γ 1 cannot be a cartesian factor of Γ 2 . It follows by Theorem 2.1 that every automorphism of Γ 1 Γ 2 is a product of an automorphism of Γ 1 and an automorphism of Γ 2 , so that Aut(Γ 1 ) × Aut(Γ 2 ) = Aut(Γ 1 Γ 2 ).
Additional background
The following lemma is well known and easy to prove. Lemma 3.1. Let G be a group, let S ⊆ G and let α ∈ Aut(G). If S α = S, then α induces an automorphism of Cay(G, S) which fixes the vertex corresponding to the identity.
The next lemma is not used in any of our proofs, but it shows that the Cayley indices in Theorem 1.1 and Proposition 1.2 are as small as possible. Generally, there are two notions of connectedness for digraphs: a digraph is weakly connected if its underlying graph is connected, and strongly connected if for every ordered pair of vertices there is a directed path from the first to the second. In a finite Cayley digraph, these notions coincide (see [5, Lemma 2.6 .1] for example). For this reason, we refer to Cayley digraphs as simply being connected or disconnected.
If v is vertex of a digraph Γ, then Γ + (v) denotes the outneighbourhood of v, that is, the set of vertices w of Γ such that (v, w) is an arc of Γ.
Let A be a group of automorphisms of a digraph Γ. For v ∈ V(Γ) and i 1, we use A
normalised but not centralised by a point-stabiliser in A, then A has a regular nonabelian subgroup.
Proof. Let A v be a point-stabiliser in A. Note that A = G A v and that |A v | = p. Since M is normal in G and normalised by A v , it is normal in A and has index p 2 . Clearly, M A v = G hence A/M contains at least two subgroups of order p and must therefore be elementary abelian.
Let α be a generator of A v and let g ∈ G − M . By the previous paragraph, we have (gα) p ∈ M . Let H = M, gα . Since M is centralised by g but not by α, it is not centralised by gα hence H is nonabelian. Further, we have |H| = p|M | = |G|, so that H is normal in A. If H was non-regular, it would contain all point-stabilisers of A, and thus would contain α and hence also g. This would give G = M, g H, a contradiction. Thus H is a regular nonabelian subgroup of A.
Proof of Theorem 1.1
Throughout this section, p denotes an odd prime. In Section 4.1, we show that Theorem 1.1 holds when G ∼ = Z 3 p . In Sections 4.2 and 4.3, we subdivide abelian groups of rank 2 and order at least p 3 into two families, and show that the theorem holds for all such groups. Finally, in Section 4.4, we explain how these results can be applied to show that the theorem holds for all abelian groups of order at least p 3 .
G ∼ = Z 3
p . Write G = x, y, z , let α be the automorphism of G that maps (x, y, z) to (xy, yz, z), let S = {x α i , y α i : i ∈ Z}, let Γ = Cay(G, S), and let A = Aut(Γ). Note that Γ is a proper digraph (this will be needed in Section 4.4).
It is easy to see that, for i ∈ N, we have
, y α i = yz i and z α i = z. In particular, α has order p and |S| = 2p. By Lemma 3.1, G α A. We will show that equality holds.
Using the formulas above, it is not hard to see that the induced digraph on S has exactly 2p arcs: (x α i , x α i+1 ) and (y α i , x α i+1 ), where i ∈ Z p . Thus, for every s ∈ S, A 1,s = A
for every arc (u, v). Let s ∈ S. We have already seen that A 1,s = A
1 . Let t ∈ S. From the structure of the induced digraph on S = Γ + (1), we see that t has an out-neighbour in S, so that both t and this out-neighbour are fixed by A 1,s . It follows that A 1,s fixes all out-neighbours of t. We have shown that A 1,s = A
1 . By Lemma 3.3, it follows that A 1,s = 1. Since the induced digraph on S is not vertex-transitive and α ∈ A 1 , the A 1 -orbits on S have length p. Hence |A 1 | = p|A 1,s | = p. Thus, Γ has Cayley index p and A = G α . Finally, we apply Lemma 3.4 with M = y, z to deduce that A contains a nonabelian regular subgroup.
G
, let α be the automorphism of G that maps (x, y) to (xy, x 0 y), let S = {x α i , y α i : i ∈ Z} and let Γ = Cay(G, S). Again, note that Γ is a proper digraph.
Since n 2, x 0 is fixed by α. It follows that, for i ∈ N, we have
In particular, α has order p and |S| = 2p. Using these formulas, it is not hard to see that the induced digraph on S has exactly 2p arcs: (x α i , x α i+1 ) and (y α i , x α i+1 ), where i ∈ Z p . The proof is now exactly as in the previous section, except that we use M = x p , y when applying Lemma 3.4.
, and let A = Aut(Γ). Again, note that Γ is a proper digraph.
Since n m 2, x 0 and y 0 are both fixed by α. It follows that, for i ∈ N, we have x α i = xy i 0 , and y α i = yx i 0 . In particular, α has order p and |S| = 3p. By Lemma 3.1, G α A. Using the formulas above, it is not hard to see that the induced digraph on S has exactly 2p arcs:
We will show that A 1,x = 1, which will imply that A = G α .
0 y 0 . It follows from the previous paragraph that X is an orbit of A 1 on S. Note that the p elements of Y 2 = y 2 x 0 are out-neighbours of every element of Y . Similarly, the p elements of Z 2 are out-neighbours of every element of Z. On the other hand, one can check that an element of Y and an element of Z have a unique out-neighbour in common, namely their product. This shows that Y and Z are blocks for A 1 . We claim that Y and Z are orbits of A 1 .
, so Y and Z are orbits for A 1 . We may thus assume that n > m. Note that y 0 ∈ y 0 x 0 = Y p m−1 , and y 0 is an in-neighbour of x ∈ X. However,
Since n > m, we see that no vertex of Z p m−1 is an in-neighbour of a vertex of X. Again it follows that Y and Z are orbits for A 1 .
Considering the structure of the induced digraph on S, it follows that, for every s ∈ S, A 1,s = A
1 . By Lemma 3.3, it follows that A 1,x = 1. As in Section 4.1, we can also conclude |A 1 | = p, Γ has Cayley index p and A = G α . Finally, applying Lemma 3.4 with M = x p , y implies that A contains a nonabelian regular subgroup.
General case.
Recall that G is an abelian p-group that has order at least p 3 and is not cyclic. By the Fundamental Theorem of Finite Abelian Groups, we can write G = G 1 ×G 2 , where G 1 falls into one of the three cases that have already been dealt with in this section.
(More explicitly, if G is not elementary abelian, then we can take G 1 isomorphic to Z p n × Z p m with n 2 and m 1. If G is elementary abelian, then, since |G| p 3 , we can take G 1 isomorphic to Z 3 p .) We showed in the previous three sections that there exists a proper Cayley digraph Γ 1 on G 1 with Cayley index equal to p and whose automorphism group contains a nonabelian regular subgroup.
Note that every cyclic group admits a Cayley digraph whose Cayley index is 1. (For example, the directed cycle of the corresponding order.) Since G 2 is a direct product of cyclic groups, applying Corollary 2.5 iteratively yields a proper Cayley digraph Γ on G 1 × G 2 with automorphism group Aut(Γ 1 ) × G 2 . In particular, Γ has Cayley index p and its automorphism group contains a nonabelian regular subgroup. This concludes the proof of Theorem 1.1.
In fact, the proof above yields the following stronger result.
Theorem 4.1. Let G be an abelian group. If there is an odd prime p such that the Sylow p-subgroup of G is neither cyclic nor elementary abelian of rank 2, then G admits a proper Cayley digraph with Cayley index p whose automorphism group contains a nonabelian regular subgroup.
Proof of Proposition 1.2
We begin with a lemma that helps to establish the existence of regular subgroups.
Lemma 5.1. Let G be a group with nontrivial subgroups H and B such that G = HB and H ∩ B = 1, and let Γ = Cay(G, S) be a Cayley digraph on G. If S is closed under conjugation by B, then Aut(Γ) has a regular subgroup distinct from the right regular representation of G and isomorphic to H × B.
Proof. Let A = Aut(Γ). For g ∈ G, let g and r g denote the permutations of G induced by left and right multiplication by g, respectively. Similarly, for g ∈ G, let c g denote the permutation of G induced by conjugation by g.
For all b ∈ B, we have r b ∈ A and, since S is closed under conjugation by B, c
Since H ∩ B = 1, this implies k = 1. It follows that R H ∩ L B = 1 and
Finally, suppose that some k = r h b ∈ K fixes 1. It follows that 1 r h b = 1 = bh so that b ∈ H, a contradiction. This implies that K is regular, which concludes the proof.
We now prove a general result, which together with Lemma 5.1 will imply Proposition 1.2.
Proposition 5.2. Let G be a group generated by an involution x and an element y of order 3, let S = {x, y, y x } and let Γ = Cay(G, S). If G is isomorphic to neither Z 6 nor
Z 2 , then Γ has Cayley index 2.
Proof. Clearly, Γ is connected. Since G is not isomorphic to Z 6 , we have y x = y. In particular, we have |S| = 3. If y x = y −1 , then G ∼ = Sym(3) and the result can be checked directly. We therefore assume that y x = y −1 . Since G Z 3 Z 2 , we have y x y = yy x . We have that Γ + (x) = {1, yx, xy}, Γ + (y) = {xy, y 2 , y x y} and Γ + (y x ) = {yx, yy x , (y 2 ) x }. One can check that the only equalities between elements of these sets are the ones between elements having the same representation. In other words, |{1, yx, xy, y 2 , y x y, yy x , (y 2 ) x }| = 7. (For example, if yx = y x y, then x y −1 = y x , contradicting the fact that x and y have different orders.)
Let A = Aut(Γ) and let c x denote conjugation by x. Note that c x ∈ A 1 . We first show that A +[1] 1 = 1. It can be checked that y 2 is the unique out-neighbour of y that is also an in-neighbour of 1, hence it is fixed by A + [1] 1 , and so is (y 2 ) x by analogous reasoning. We have seen earlier that xy is the unique common out-neighbour of x and y, hence it too is fixed by A + [1] 1 , and similarly for yx. Being the only remaining out-neighbours of y, y x y must be also fixed, and similarly for yy Note that x is the only out-neighbour of 1 that is also an in-neighbour, hence it is fixed by A 1 , whereas c x interchanges y and y x . It follows that |A 1 | = |A 1 : A
1 | = 2 and Γ has Cayley index 2, as desired.
Proof of Proposition 1.2. Let Γ = Cay(G, {x, y, y x }). By Proposition 5.2, Γ has Cayley index 2. Since |G : H| = 2 and y has order 3, we have y ∈ H. As x, y = G, we have x / ∈ H and G = H x . Clearly, {x, y, y x } is closed under conjugation by x. It follows by Lemma 5.1 that Aut(Γ) has a regular subgroup distinct from G and isomorphic to H × x ∼ = H × Z 2 .
It was shown by Miller [10] that, when n 9, Sym(n) admits a generating set consisting of an element of order 2 and one of order 3; this is also true when n ∈ {3, 4}. In these cases, we can apply Proposition 1.2 with H = Alt(n) to obtain a Cayley digraph on Sym(n) that has Cayley index 2 and whose automorphism group contains a regular subgroup isomorphic to Alt(n) × Z 2 .
A short alternate proof of this fact can be derived from a result of Feng [4] . This yields a Cayley graph and is valid for n 5.
Proposition 5.3. If n 5, then there is a Cayley graph on Sym(n) with Cayley index 2, whose automorphism group contains a regular subgroup isomorphic to Alt(n) × Z 2 .
